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Vanishing Mean Oscillation Spaces Associated with Operators 
Satisfying Davies-Gaffney Estimates 

Yiyu Liang, Dachun Yang and Wen Yuan * 



Abstract Let (X . d, /i) be a metric measure space, L a linear operator which has 
a bounded H^ functional calculus and satisfies the Davies-Gaffney estimate, $ a 
concave function on (0, oo) of critical lower type pj £ (0, 1] and p(t) = t _1 /$ _1 (t _1 ) 



for all t £ (0, oo). In this paper, the authors introduce the generalized VMO space 
VMO Pt i,(X) associated with L, and establish its characterization via the tent space. 
i-C As applications, the authors show that (VMO p x(^))* = £*,£* {%)■> where L* denotes 

the adjoint operator of L in L 2 (X) and B$ : l* (X) the Banach completion of the Orlicz- 
Hardy space H$^*{X). 



oo ' 1 Introduction 



O 

John and Nirenberg [24] introduced the space BMO(R n ), which is defined to be the 
space of all / G L 1 1 oc (]R n ) such that 



BMO(r) = sup t— / \f(x) - f B \ dx < oo, 

ball Bel" \ a \ JB 



where and in what follows, fB = jmfg f{ x ) dx. The space BMO (W 1 ) was proved to be 
the dual of the Hardy space // 1 (IR n ) by Fefferman and Stein in [14]. 

Sarason [28] introduced the space VMO(lR n ), which is defined to be the space of all 
/ e BMO (R n ) such that 

lim sup — - / \f(x)- f B \dx = 0, 

C— >U balls CK n \-D\ JB 
r B <c 

where tb denotes the radius of the ball B. In order to represent H l {W l ) as a dual space, 
Coifman and Weiss [8] introduced the space CMO (M n ), which is defined to be the closure 
of all infinitely differentiable functions with compact support in the BMO (R n ) norm and 
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was originally denoted by the symbol VMO (R n ) in [8], and proved that (CMO (R n ))* = 
^(W 1 ). For more properties of BMO (R n ), VMO (M n ) and CMO (M n ), we refer the reader 
to Janson [18] and Bourdaud [5]. 

Let L be a linear operator in L 2 (W l ) that generates an analytic semigroup {e~ tL }t>o 
with kernels satisfying an upper bound of Poisson type. The Hardy space H^W 1 ), the 
BMO space BMOi(IR ra ) and Morrey spaces associated with L were introduced and studied 
in [4, 13, 11]. Duong and Yan [12] further proved that (Hl(R n ))* = BMO L *(M n ), where 
and in what follows, L* denotes the adjoint operator of L in L 2 (R n ). Moreover, recently, 
Deng et al. [9] introduced the space VMOi(]R n ), the space of vanishing mean oscillation 
associated with operator L, and proved that (VMOz,(lR n ))* = H^,(R n ) and also 



VMO A (M n ) = CMO(E n ) = VMO^(M n ) 

with equivalent norms. Let <I> on (0, oo) be a continuous, strictly increasing, subadditive 
function of upper type 1 and of critical lower type pj < 1 but near to 1 (see Section 2.4 
below for the definition). Let p(t) = £ -1 /<i> -1 (t -1 ) for all t G (0, oo). A typical example 
of such Orlicz functions is <!>(£) = t p for all t G (0, oo) and p < 1 but near to 1. Jiang and 
Yang [22] introduced the VMO-type space VMO P: i(R n ) and proved that the dual space 
of VMO ft i*(M n ) is the space B^^(R n ), where B^ : L(R n ) denotes the Banach completion 
of the Orlicz-Hardy space H$ :L (R n ) in [23]. 

Let L be a second order divergence form elliptic operator with complex bounded mea- 
surable coefficients and <& a continuous, strictly increasing, concave function of critical 
lower type p^ G (0, 1]. Jiang and Yang [20] studied the VMO-type spaces VMO p ^(M n ) 
and proved that the dual space of VMO ft i*(M n ) is the space B$,L(l n ), where B$ t L(R n ) 
denotes the Banach completion of the Orlicz-Hardy space H$ t L(R n ) in [19]. (We remark 
that the assumptions onp§ in [19, 20] can be relaxed into the same assumptions onp$; see 
Remark 2.2(h) below.) In particular, when <!>(£) = t for all t G (0, oo), then p{t) = 1 and 
(VMOi, L (IR n ))* = Hl,(W l ), which was also independently obtained by Song and Xu [29], 
where H^iW 1 ) denotes the Hardy space first introduced by Hofmann and Mayboroda [16] 
(see also [17]). 

Let (X ', d) be a metric space endowed with a doubling measure p and L a non-negative 
self-adjoint operator satisfying Davies-Gaffney estimates. Hofmann et al. [15] introduced 
the Hardy space H\(X) associated to L. Jiang and Yang [21] further introduced the 
Orlicz-Hardy space H$^(X). Anh [1] studied the VMO space VMOl(<Y) associated to L 
and proved that the dual space of VMOl(<Y) is the Hardy space H\{X). Recently, Duong 
and Li [10] observed that the assumption "L is a non-negative self-adjoint operator" in [15] 
can be replaced by a weaker assumption that "L has a bounded H^ functional calculus 
on L 2 (X)" and introduced the Hardy space H^(X) with p G (0,1], which was further 
generalized by Anh and Li [2] to the Orlicz-Hardy spaces H^^l(X). 

From now on, we always assume that L is a linear operator which has a bounded 
-Hoc functional calculus and satisfies Davies-Gaffney estimates and that & is a contin- 
uous, strictly increasing, concave function of critical lower type pj G (0,1]. In this 
paper, we introduce the generalized VMO space VMO Pi l(<Y) associated with L, and 
establish its characterization via the tent space in [21]. Then, we further prove that 
( VMO p ^l(X))* = B^ ) i*{X), where B^ ) i*{X) denotes the Banach completion of the 
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Orlicz-Hardy space H$^l*(X) in [2]. When $(£) = t for all t € (0, oo), we denote 
VMOp t i(X) simply by VMOl(A'). As a special case of the main results in this pa- 
per, we show that (VM.Ol(X))* = Hj jt (X), which, when L is nonnegative self-adjoint, 
was already obtained by Anh [1]. 

Precisely, the paper is organized as follows. In Section 2, we recall some known notions 
and notation concerning metric measure spaces X, then describe some basic assumptions 
on the considered operator L and the Orlicz function <£ and present some properties of 
the operator L and the Orlicz function <I> considered in this paper. 

In Section 3, we first obtain the /9-Carleson measure characterization (see Theorem 
3.1 below) of the space BMOp^A') in [2] via first establishing a Calderon reproducing 
formula (see Proposition 3.3 below). Differently from the Calderon reproducing formula in 
[21, Proposition 4.6], the Calderon reproducing formula in Proposition 3.3 below holds for 
all molecules instead of atoms in [21], which brings us some extra difficulty due to the lack 
of the support of molecules. Then we introduce the generalized VMO space VMOp £,(Af) 
associated with L, and the tent space T^ v (X) and establish some basic properties of these 
spaces. In particular, we characterize the space YMOp^(X) via T^ v (X); see Theorem 
3.4 below. To this end, we first need make clear the dual relation between H^ j l*(X) 
and BMOp^(^) (see Theorem 3.2 below), which is deduced from a technical result on 
the optimal representation of finite linear combinations of molecules (see Theorem 3.1 
below). We remark that variants of Theorems 3.1 and 3.2 below have already been given 
respectively in [2, Theorems 3.15, 3.13 and 3.16] without a detailed proof of [2, Theorem 
3.15]. We give a detailed proof of Theorem 3.1 below which induces more accurate indices 
appearing in Theorems 3.1 and 3.2 below, comparing with [2, Theorems 3.13 and 3.15] 
(see Remark 3.2 below). Moreover, the proof of Theorem 3.1 below simplifies the proof of 
[15, Theorem 5.4] in a subtle way, the proof of [15, Theorem 5.4] strongly depends on the 
support of atoms; see Remark 3.1 below. 

In Section 4, we first obtain, in Theorem 4.1 below, the dual space of the tent space 
T^° ' (X ) in Definition 3.4 below, from which, we further deduce that ( VM.0 Pi l(X))* = 
B$ t L*(X) in Theorem 4.2 below, where B^ i l*(X) denotes the Banach completion of 
H* iL *(X). In particular, we obtain (VMO L (*))* = H^(X). 

Finally we make some conventions on notation. Throughout the whole paper, we denote 
by C a positive constant which is independent of the main parameters, but it may vary 
from line to line. The constant with subscripts, such as C±, does not change in different 
occurrences. We also use C(j, • • • ) to denote a positive constant depending on the indicated 
parameters 7, • • • . The symbol A < B means that A < CB. If A < B and B < A, then we 
write A ~ B. We also set N = {1, 2, • • • } and Z + eNU {0}. The symbol B(x, r) denotes 
the ball {y G X : d(x,y) < r}; moreover, let CB(x,r) = B(x,Cr). For a measurable set 
E, denote by xe the characteristic function of E and by E the complement of E in X. 



2 Preliminaries 

In this section, we first recall some notions and notation on metric measure spaces and 
then describe some basic assumptions on the considered operator L in this paper and 
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its functional calculus; finally, we also present some basic assumptions and properties on 
Orlicz functions. 

2.1 Metric measure spaces 

Throughout the whole paper, let X be a set, d a metric on X and fj, a nonnegative Borel 
regular measure on X. Moreover, assume that there exists a constant C\ > 1 such that 
for all x G X and r > 0, 

(2.1) V(x, 2r) < CiF(x, r) < oo, 
where B{x,r) = {y G X : d(x,y) < r} and 

(2.2) V(x,r) = fj,(B(x,r)). 

Observe that if d is further assumed to be a quasi-metric, then (X , d, fi) is called a space 
of homogeneous type in the sense of Coifman and Weiss [7] (see also [8]). 

Notice that the doubling property (2.1) implies the following strong homogeneity prop- 
erty: there exist some positive constants C and n, depending on C\, such that 

(2.3) V(x,\r) <CX n V(x,r) 

uniformly for all A > 1, x G X and r > 0. The parameter n measures the dimension of the 
space X in some sense. Also, there exist constants C G (0, oo) and N G [0, n], depending 
on Ci, such that 

(2.4) V ( Xir )<c(l + ^y±) V(y,r) 



uniformly for all x, y G X and r > 0. Indeed, the property (2.4) with N = n is a simple 
corollary of the strong homogeneity property (2.3). In the cases of Euclidean spaces, Lie 
groups of polynomial growth and, more generally, Ahlfors regular spaces, N can be chosen 
to be 0. 

In what follows, for any ball B C X, we set 

(2.5) Uq(B) = B and Uj{B) = VB^^B for j G N. 

The following covering lemma established in [1, Lemma 2.1] plays a key role in the 
sequel. 

Lemma 2.1. For any £ > 0, there exists Np G N, depending on £, such that for all balls 
B(xB,£r), with xb G X and r > 0, there exists a family {B{xB,i,r)} i J^ 1 of balls such that 
i) B(x B ,*r)cu2 1 B(sB ) i J r); 

ii) N e < C£ n ; 

iii) Efii to(, B ,„r) < C- 

-Here C is a positive constant independent of xb, r and £. 
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2.2 Holomorphic functional calculi 

We now recall some basic notions of holomorphic functional calculi introduced by Mcin- 
tosh [25]. 

Let < v < 7 < n. Define the closed sector S v in the complex plane C by setting 
S v = {z G C : |argz| < v} U {0} and denote by S® its interior. We employ the following 
subspaces, H^iS®) and VP(<Sj;), of the space H(S„) of all holomorphic functions on S®: 



H^Sl) = lbe H(S°„) : 116^=0(50) = sup \b(z)\ < oo 

I ZSS„ 



and 



^(Sl) = {tpe H(S°) : there exist s G (0, oo) and C G (0, oo) such that 
for all z G S£, |^(«)| < C|z| s (l + N 2 *) -1 }- 

Given v G (0,7r), a closed operator L in L 2 (M n ) is called to be of type v if a(L) C S v , 
where cr(L) denotes its spectra, and if for all 7 > zv, there exists a positive constant C 7 
such that for all A G - S 7 , \\(L — A/) _1 || L 2( R n)^ i 2( R n) < C 7 |A| -1 . Let JT and ^ be two 
linear normed spaces and T be a continuous linear operator from JT to & . Here and in 
what follows, ||T||jr_^ denotes the operator norm ofT from X to & ' . Let G (177) and 
r be the contour {£ = re : r > 0} parameterized clockwise around S v . Then if L is of 
type v and ip G ^(5°), the operator ifr(L) is defined by 

HL) = ^- i J(L-XI)- 1 ^(X)dX, 

where the integral is absolutely convergent in £(L 2 (IR n ), L 2 (R n )) (the class of all bounded 
linear operators in L 2 (IR ra )). By the Cauchy theorem, we know that Y>(£) is independent 
of the choices of v and 7 such that 9 G (17 7). Moreover, if L is one-to-one and has dense 
range, and b G H^i^S®), then b(L) is defined by setting b{L) = [i/j(L)]~ 1 (btp)(L), where 
ip(z) = z(\ + z)~ 2 for all 2 G S®. It was proved by Mcintosh [25] that 6(L) is a well- 
defined linear operator in L 2 (IR n ). Moreover, the operator L is said to have a bounded 
Hoo-calculus in L 2 (IR n ), if for all 7 G (17 it), there exists a positive constant C 7 such that 
for all b G H^S®), 6(L) G £(L 2 (R n ), L 2 (M n )) and 

( 2 -6) I|6||l2(R")->l2(r«) < C y \\b\\ L ov( S oy 

2.3 Assumptions on the operator L 

Throughout the whole paper, we always suppose that the considered operators L satisfy 
the following assumptions. 

Assumption (L)\. The operator L has a bounded i^oo-calculus in L 2 {X). 

Assumption (L)2- The semigroup {e~ }t>o generated by L is analytic on L 2 (X) and 
satisfies the Davies-Gaffney estimate, namely, there exist positive constants C2 and C3 
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such that for all closed sets E and F in X, t £ (0, oo) and / £ L 2 (E), 

(2-7) l|e- tL /|| L ^)<g 2 exp|- [dist g; F)]2 } ||/|| L2(E) , 

where and in what follows, dist (E,F) = inf xe E, yeF d(x,y) and the space L 2 (E) denotes 
the set of all ^-measurable functions on E such that ||/||l2( B ) = {J E \f(x)\ 2 dfj,(x)} 1 ' 2 < oo. 

Remark 2.1. By the functional calculus of L on L 2 (X), it is easy to see that if an operator 
L satisfies Assumptions (L)i and (L)2, the adjoint operator L* also satisfies Assumptions 
(L)i and (L)2 and, therefore, the following Lemmas 2.2 and 2.3 also hold for L* . 

By Assumptions (L)i and (L)2, we have the following technical result which was ob- 
tained by Anh and Li in [2, Proposition 2.2]. 

Lemma 2.2. Let L satisfy Assumptions (L)i and {L)2- Then for any fixed k £ Z + (resp. 
j,k € Z+ with j < k), the family {(t 2 L) k e - t2L } t>0 (resp. {(t 2 Ly (I + t 2 L)- k } t>0 ) of 
operators also satisfies the Davies-Gaffney estimate (2.7) with positive constants C2, C3 
depending only on n and k (resp. n, j and k). 

By (2.6), we have the following useful lemma. 

Lemma 2.3. Let L satisfy Assumptions {L)\ and {L)2- Then for any fixed k £ N, the 
operator given by setting, for all f G L 2 (X) and x £ X , 




S h L f(x) =\ {t 2 Lfe-* V(») 



\k-i z L. 



\ 1/2 

2 djx{y) dt \ 



V(x,t) t 



is bounded on L (X). 

2.4 Orlicz functions 

Let $ be a positive function on R + = (0, 00). The function <J> is called of upper (resp. 
lower) type p for some p £ [0, 00), if there exists a positive constant C such that for all 
t £ [1, 00) (resp. t £ (0, 1]) and s £ (0, 00), 

(2.8) $(st) < Ct p $(s). 

Obviously, if $ is of lower type p for some p £ (0, 00), then lini(_ > o + &(t) = 0. So for the 
sake of convenience, if it is necessary, we may assume that $(0) = 0. If $ is of both upper 
type pi and lower type po, then $ is called of type (po, p\). Let 

(2.9) p^ = inf{p £ (0, 00) : there exists a positive constant C 

such that (2.8) holds for all t £ [1, 00) and s £ (0, 00)} 

and 

(2.10) p^ = sup{p £ (0,oo) : there exists a positive constant C 
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such that (2.8) holds for all t G (0, 1) and s G (0, oo)}. 

It is easy to see that pj < p~^ for all <&. In what follows, pj and p~^ are respectively called 
the critical lower type index and the critical upper type index of <I>. 

Throughout the whole paper, we always assume that $ satisfies the following assump- 
tion. 

Assumption (<I>). Let $ be a positive, continuous, strictly increasing function on (0, oo) 
which is of critical lower type pj G (0, 1]. Also assume that $ is concave. 

Remark 2.2. (i) Recall that the function $ is called of strictly lower type p if (2.8) holds 
with C = 1 for all t G (0, 1) and s G (0, oo). Then the strictly critical lower type index p$ 
of $ is defined by 

£>$ = sup{p G (0, oo) : $(s£) < t p ®(s) holds for all t G (0, 1) and s G (0, oo)}. 

Obviously, p$ < pj < p$. Moreover, it was proved in [19, Remark 2.1] that <3? is also of 
strictly lower type p$. In other words, p<j> is attainable. 

However, p~^ and p^, may not be attainable. For example, for p G (0, 1], if <£(£) = t p for 
all t G (0, oo), then <3? satisfies Assumption ($) and p$ = pj = p^ = p; for p G [1/2, 1], if 
$(£) = t p /ln(e + t) for all t G (0, oo), then <3? satisfies Assumption ($) and p$=p = p$, 
pj is not attainable, but p^ is attainable; for p G (0, 1/2], if <&(£) = t p ln(e + t) for all 
£ G (0, oo), then then <3? satisfies Assumption ($) and pj = P = P$, Pq> is attainable, but 
p^ is not attainable. 

(ii) We observe that, via the Aoki-Rolewicz theorem in [3, 26], all results in [2, 19, 20, 21] 
are still true if the assumptions on p$ are replaced by the same assumptions on p~^. 

Notice that if <!> satisfies Assumption ($), then 3>(0) = 0. For any positive function <I> 

of critical lower type p~, if we set $(£) = L —^ ds for t G [0, oo), then by [30, Proposition 

3.1], $ is equivalent to $, namely, there exists a positive constant C such that C~ 1< I ) (£) < 
<&(£) < C$(£) for all t G [0, oo); moreover, $ is a positive, strictly increasing, concave and 
continuous function of critical lower type p~ . Notice that all our results of this paper are 
invariant on equivalent Orlicz functions. From this, we deduce that all results with <3? as 
in Assumption ($) also hold for all positive functions $ of the same critical lower type p^ 
as $. 

Let <1? satisfy Assumption (<£). A measurable function / on X is said to be in the space 
L®(X) if f x $(|/(x)|) dp{x) < oo. Moreover, for any / G L*(#), define 

L * {x) =m£ |AG(0,oo): f^ 0^) dn{x)<l\. 

Since $ is strictly increasing, we define the function p{t) on (0, oo) by 

r 1 



(2-H) PH) - *-i (t -i) 

for all t G (0, oo), where <3? _1 is the inverse function of <I>. Then the types of <£ and p have 
the following relation. If < po < p\ < 1 and $ is an increasing function, then <£ is of 
type (po,Pi) if and only if p is of type (p± —1,Pq — 1); see [30] for its proof. 
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3 The Space VMO PjL {X) 



In this section, we introduce the generalized vanishing mean oscillation spaces associated 
with L. Throughout this section, we always assume that L satisfies Assumptions (L)i and 

(L)2- 

We first recall the notion of tent spaces in [27], which when X = lR n were first introduced 
by Coifman, Meyer and Stein [6]. 

For any v > and x G X, let T u (x) = {(y,t) G X x (0, oo) : d(x,y) < vt} denote the 
cone of aperture v with vertex x G X. For any closed set F of X, denote by 1Z U F the union 
of all cones with vertices in F, namely, 1Z U F = {J X £pF u (x); and for any open set O in X, 
denote the tent over O by T u (0), which is defined as T v {0) = \TZ y {0 )] . It is easy to see 
that T„(0) = {(x,t) G X x (0,oo) : d(x,0\> vt}. In what follows, we denote TZ^F), 
^i(x) and T\(0) simply by 1Z{F), T(x) and O, respectively. 

For all measurable functions g on X x (0, oo) and x G X, define 

and 

i / 1 r r a ( \ ri+\ i/^ 

where the supremum is taken over all balls B containing x. We denote A\(g) simply by 

A(g). 

Recall that for p G (0,oo), the tent space T^X) is defined to be the space of all 
measurable functions g on X x (0, oo) such that ||flilrP(;t) = 1 1 -4(g) 1 1 lp (A") < oo, which 
when X = W 1 was introduced by Coifman, Meyer and Stein [6] and when X is a space 
of homogeneous type by Russ in [27]. Let $ satisfy Assumption (<I>). In what follows, 
we denote by T$(X) the space of all measurable functions g on X x (0,oo) such that 
A{g) G L®{X), and for any g G T$(X), define its norm by 

\\9\\t.{X) = U(g)\\ LHx) = inf | A > : j ^ ^EJ^Tj dfl{x) < i 

the space T^ D (X) is defined to be the space of all measurable functions g on X x (0, oo) 
satisfying ||0||tj°(*) = \\C p {g)\\ L ^(x) < oo. 

Recall that a function a on X x (0, oo) is called a T$(X)-atom if 

(i) there exists a ball B C X such that supp a C B; 

(n)JJ s \a(x,t)\ 2 ^^<HB)]^[p^(B))}^. 

Since $ is concave, from Jensen's inequality and Holder's inequality, we deduce that for 
all T$(A')-atoms a, \\a\\T 9 (x) < 1; see [21] for the details. Moreover, the following atomic 
decomposition for elements in T$(X) is just [21, Theorem 3.1]. 

Lemma 3.1. Let <£ satisfy Assumption ($). Then for any f G T${X), there exist T$(X)- 
atoms {aj} c fL 1 and {\j} c fL 1 C C such that for almost every (x,t) G X x (0, oo), 

oo 

(3.1) f(x,t) = ^2\ j a j (x,t), 
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and the series converges in T${X). Moreover, there exists a positive constant C such that 
for all f GT^(X), 

(3.2) AUV^,) S .of {a > : £„(*,)• ( ^^_ ) < 1 J < dl/lbM*,, 

where Bj appears as the support of a,j . 

Definition 3.1. Let L satisfy Assumptions (L)i and (L)2, <£ satisfy Assumption ($), p 
be as in (2.11), M G N, e € (0, oo) and B be a ball. A function /3 G £ 2 (^) is called a 
($, M, e) L-molecule adapted to the ball B if there exists a function b G T>(L ) such that 

(i)/3 = L M 6; 

(ii) For every k G {0, 1, • • ■ , M} and j G Z+, there holds 

\\(r 2 B L) k b\\ L , {U]{B)) < rB M 2-^[u.(2iB)]-V*[p(u.(2iB))]-\ 
where Uj(B) for j G Z + is as in (2.5). 

Let (j) = L M v be a function in L 2 (X), where f G V(L M ). Following [15, 16], for e > 0, 
M G N and a fixed xo G <Y, we introduce the space 

(3.3) Mf e (L) = [cj> = L M v G L 2 (X) : \\H m m„ {l) < oo} , 
where 

U\\ m m, (l) = sup I 2*[K(x , 2^)] 1 /2 /9 (F(x , 2>')) JT \\L k v\\ LHU](B{xom 1 ; 
■J' 6 ^ I fc=0 J 

see also [2]. 

Notice that if G Ad^ ' e (L) for some e > with norm 1, then <f> is a ($, M, e)i-molecule 
adapted to the ball B(xq,1). Conversely, if ft is a ($, M, e)L-molecule adapted to any 
ball, then/3G Mf' e (L). 

Let ^4j denote either (I + t 2 L)~ 1 or e~* L and ^ either (I + t 2 L*) _1 or e~* L *. For any 
/ G (A^' e (L*))*, the rfMa/ space of A^' e (L*), we claim that (/ - A t ) M f G L 2 oc (X) in 
the sense of distributions. Indeed, for any ball B, if ip G L 2 (B), then it follows form the 
Davies-Gaffney estimate (2.7) and Remark 2.1 that (I — A%) ip G M.^ ' e (L*) for every 
e > 0. Thus, there exists a non-negative constant C(t,r B , dist (B, xq)), depending on t, 
r B and dist (B,xo), such that for all ip G L 2 (B), 

[<(/- A t ) A ^/,V>l = |</, (/- a*)^^)| < a(t,r s , distCi?,^))!!/!!^^.^^^^!!^^), 

which implies that (/ — At) M f G L 2 (X ) in the sense of distributions. 
Finally, for any M G N, define 

(3.4) M% L (X)= p| (A<' £ (L*))*, 

e>n(l/pj-l/pj) 

where p J and pj are, respectively, as in (2.9) and (2.10). 
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Definition 3.2. Let L, <£ and p be as in Definition 3.1 and M > §(— — 5)- A function 
/ G -M^ L (*) is said to be in the s P ace BMO^ L (^) if 



1 



If 1 V2 



< 00, 



BMo« LW - S ^^gyy 

where the supremum is taken over all balls B of X. 

Now, let us recall some notions on the Orlicz-Hardy spaces associated with L. For all 
/ G L 2 (X) and x £ X, define 



S L f(x)= [ // t 2 Le- tL f(y) 

h(x) 



\ 1/2 
2 dfi(y) dt \ 



The Orlicz-Hardy space H^^(X) is defined to be the completion of the set {/ G L?(X ) : 
<S L / G £*(*)} with respect to the quasi-norm \\f\\ H ^ L (x) = II<Sl/||l*(*)- 

The Orlicz-Hardy space H$ t i,(X) was introduced and studied in [2] (see also [21]). If 
<&(£) = t p for p G (0,1] and all t G (0, 00), then the space H^^l(X) coincides with the 
Hardy space H^(X), which was introduced and studied by Duong and Li [10]. 

Let the space H^^' L (X) denote the spaces of finite linear combinations of (<&, M, e)i- 

molecules. By [2, Corollary 3.8], we obtain that H^^' L (X) is dense in H$ : l(X); see also 
[21, Corollary 4.2]. 

In what follows, for M G N, let C{M) be the positive constant such that 

(3.5) C{M) r t W + i) e -2t*dt = 1 

Recall that a variant of the following representation of finite linear combinations of 
molecules was gives by [2, Theorem 3.15] without a detailed proof. The following Theorem 
3.1 gives more accurate ranges of e and M, comparing with [2, Theorem 3.15]. 

Theorem 3.1. Let L, $ and M be as in Definition 3.2, and e G (0, M - |(4r - \)). 

Assume that f = Yli=o^ iai > where N G N, {ai}^L is a family of ($,2M,e)i -molecules, 
{^i}iLo C C and ^=0 I'M < °°- Then there exists a representation of f = Yli=ol i i rn i> 
where {nn} 2 ^ are ($, M, c)l -molecules, {mOI=o C C and ^ i=0 \[jh\ < C||/|| #*,.£,(*), 
where C is a positive constant, depending only on X,L,M,e and n. 

Proof. Throughout this proof, we choose p$ G (0,pj) such that M > ^(J — i) and 
e G (0, M — ^(~ 2))- Therefore, <I> is of lower type p$ and hence p of upper type 

l/p» - I- 

Since {aj}^ is a family of ($, 2M, e)i-molecules, by definition there exist a family 
{bi}iLo °f functions and a family {-Bj}^ of balls such that for every i G {0, 1, ■ ■ ■ , N}, 
ai = L 2M bi satisfies Definition 3.1(h). Fix a point xq G X. Let C{M) = j^ +1 , where 
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C(M) is as in (3.5). Then C(M) J °° t2(M+2) e -2t 2 * = i. By this and the ^-functional 
calculus, for / = ^2 i=0 \a.i € L 2 (X), we have 



f-C(\f) J (t 2 L) M+2 e~ 2t2L fj 

C(M) ! (t 2 L) M+2 e- 2t2L f - + C{M) 



A'i 



h + / 2 , 



where il"i is a positive constant which is determined later. 

Let us start with the term j\. Set \x = iV _1 ||/||^ # L (x)- Substituting / = J2i=o^i a i 
into /i, we have 



N 



N 



where /Xj = C(M)p, m i}Kl = L M f i>Kl , and 

/>oo 
f — ,,-!\ / +2(M+2) r2-2£ „„ 



i1T^i,Ki j 



-2t 2 L, ^ 



A', 



Then, obviously, X^Io Iwl = Ya=o^ = C( M )\\f\\H* >L (x)- We now claim tnat for an 
appropriate choice of Ki and z € {0, 1, • • • , N}, rrii^Kx is a (<&, M, e)i-molecule adapted to 
the ball B{. Observe that o, = L 2M bi, for i € {0, 1, • • ■ , TV}. By Minkowski's inequality, 
for jfe e {0, 1, ■ ■ ■ , M}, i e {0, 1, ■ ■ ■ , iV} and j G Z+, 



LHUjiBi)) 



{r%L) k h, Kl 

POD 

<p- l \\\ t- 2M (t 2 L) 2 ( M+1 )e- 2i2L (r| i L) fe 6 J 

./A'i 



dt 

L*{Uj{Bi)) t 



1=0 
oo 



<- „-l|\ |V / +- 2M f+2 r \2(M+l) -2£ 2 L , v 



Kx 



(r 2 Bi L)% 



dt 

L^UjiBi)) t 



= fi-^XilJ^^i 



1=0 



where Ui(Bi) for I € Z + is as in (2.5). When / < j - 1, by Lemma 2.2, /x(2-'S i ) < 
2«0'-0 M (2'S i ), p(ji(2>Bi)) < T^- 1 ^ 1 ^- 1 ^ p{u,{2 1 Bi)) and Definition 3.1(h), we conclude 
that 



oo 

11/ < / f 

'A'i 
«oo 



-2M 



^|X)^ 



^(^(Bj)) V 2J r Bi 



t ^ e+n(l/p*-l/2) ^ 






e+ra(l/p*-l/2) 



rft 



<r| M 2^[ Ai (2^ l )]- 1/2 [p(M(2 J ^))]- 1 2 



-io-'(«+S(£-s)W ^ 



2 [ M -f-f(^-D 
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When I G {j — 1, j, j + 1}, from Lemma 2.2 and Definition 3.1(h), it follows that 



H, < 



t 



-2M 



A'j 



[r 2 Bt L)% 



dt 



L*{Uj(Bi)) t 



2:\1 



< rl M 2-^[^B l )]- l l 2 [p(^ 3 B l ))]- 1 [j^ 

When I > j + 1, by Lemma 2.2, p{2^ B { ) < p(2 l Bi), p(p,{2^Bi)) < p{p{2 l Bi)) and Definition 
3.1(h), we obtain 



Hi< / t 



.-2M 



Ai 



{r%L) k b 



dt 



LHudBi)) \2 l r B J t 

l-lo-Je f r B 



2M-e 



< r|f 2-^[n(2iB i )]- 1 / 2 [p(n(2iB i ))]- 1 2- u ( ^ 

Combining these estimates, by choosing K\ > max{rB 1 ,- ' ' i r B N }i we further conclude 
that there exists a positive constant C, independent of i, such that 



{r Bl Lff hKl 



L^UjiBi)) 



2[M----(J---)] 

<Cr B M 2-^[p(2^B l )}-^[p( P (2^B l ))]- 1 p- 1 \X l \( r ^ V ^ '" """" 



Then, by choosing 



K\ = max < r Bi 

0<i<N 



Cu max I Ai 

0<i<N 






we see that for i € {0, 1, • • • , N}, m^/d is a ($, M, e)L-molecule adapted to the ball Bi, 
which shows the claim. 

We now consider the term fi- Set p = -ZV~ 1 || i f ||^ <I; L ix)- Substituting / = Yli=o ^* a * 
into /2, we have 

N r K i m N 

/ 2 = C(M)Y> / (t 2 L) M+ W^"^*) t = V/i,^, 



where /i; = C(M)p, m i)Kl = L M f ijKl , and 



Ai 



dt 



fi, Kl = ^h / t^+^Le-^^Le-^ai) -. 
Jo t 

Then, obviously, Yli=o Iwl = Si=o^« = C(-^0II/IIh*z,(#)- We now claim that for K\ as 
above and i € {0, 1, • • • ,iV}, m^^ is a (<3>, M, e)i-molecule adapted to the ball 2 K °Bi, 
where Kq £ (0, oo) is determined later. To show the claim, for i € {0, 1, • • • , N} and 
j € Z+, set % ;Ko = 2i +K « +2 B i \2i +K °- 2 B i and write 



A'i 



h,K, = H- l XiJ a t^^Le-^^Le-^a^xa^j , 



dt 
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Kv 



+,2- l X l I ~t 2{M +^Le-* L ([t 2 L~- £2L 



dt _ 

e " 0,i\Xcfi I — = 9i,K u K +hi t K-i.,K - 
J, K I t 



Then, by Minkowski's inequality, for k G {0, 1, • • ■ , M}, i G {0, 1, • • ■ , N} and j G Z+, 
C 9 2^„ 2 rxfc 



< ,r 1 \\\r 2M 



L»(lZ,-(2*OB0) 
ftTi / , n 2M-2fc 

V^Bi 



,2r\IS;+l -fi 



x (t 2 L) k+1 e 

»"B 



t 2 Le~* 2L a ? - 






L*(Uj(2 K 0Bi)) 



s/x^lAil^H, 



2M-2k 



■>2kK 



2 r — t 2 L 
X[/ i (2 K 0B i ) t Le 0i 



dt 
L2(n J!liQ ) t 



1=0 



When I < j -2, from Lemma 2.2, p(2^ +K °Bi) < 2 n ^-^p(2 l+K °Bi), p(n(2^ +K ° B t )) < 
2nU-W/p<s>-i) p (n(2 l+Ko Bi)) and Definition 3.1(h), it follows that 



H, < 



< 



K-j. / f \ 2M-2k 



V r B 



o2fcJsT ||„ II ( t_ 

1 H o »llL a (^,(2*0B i )) I 2J+«b 



r B 



e+n(l/p*-l/2) 



rft 



V r B 



2M-2k 



2 2kK ^% M 2- (l+K ^[ f i(2 l+K "B l )]- 1 / 2 [p(^2 l+Ko B i ))]- 1 



2i+ K Q 



r B % 



e+n(l/pi-l/2) 



rf/. 



n/ 1 _ ll 



<(2^ rBi) 2M 2 - je[Ai(2J+ Ko B . )] -i/2 [/9(/x(2J+ ^ B . ))] -i 2 -n e +f( F5 2 ,j 

x2 -2JC [M-fe+€+f(^-i)]^2M-2A;+e+n(l/p*-l/2) 2M+2fc-e-n(l/p*-l/2) 

1 B, 

When / G {j — 2, • • • , j + 2}, by Lemma 2.2 and Definition 3.1(h), we see that 

dt 



2M-2k 



~ I \ . " ) - ' H a *llL 2 (l/ j (2 K 0B i )) j 



II, </ (^— J 2 2fc *>||„ ; | 

When I > j + 2, from Lemma 2.2, n(2?Bi) < p(2 l Bi), p(p(2^ +K °Bi)) < p(p(2 l+K ° £*)) and 
Definition 3.1(h), we infer that 



K\ / f \ 2M-2k 



H, < — 



< 



,2fcK" 



a?: 



V r B 
A - ! / , \ 2M-2k 



dt 



V r B 



■iHL»(I7,(2*0B i )) I 2f+K^r~ B . I t 

2 2kK ^% M 2^ l+K ^[p(2 l+K "B i )]- 1 ' 2 [p(p{2 l+Ka B i ))]-^ 
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t 



dt 



2 l + K °r B J t 
<^ K °r B f M 2-^[^ +Ko B i )}- 1 / 2 [p(^ +K °B i ))}- 1 2- k 

2-2 K o( M -k+e) Ts-2M-2k+e 2M+2k-e 

1 Bi 

Then we estimate hi t x 1 ,K - By Minkowski's inequality and Definition 3.1(h), for k € 
{0, 1, • • • , M}, i E {0, 1, • • ■ , N} and j € Z + , we conclude that 



(2^r% i L) k h i , KuKo 



VHU&KoBi)) 



< ,r 1 \\\r 2M 



A', 






2M-2fc 



->2kK 



x (t 2 L) k+1 e~ eL 



/ 



t 2 Le"* 2L a,- 



2M-2fc 



dt 



i 



£3(17,(2*0 30) 
e+n(l/p*-l/2) 



< M " 1 |A i | / (— 2 2fc ^. , 

x2 """- : 2^5% 



t 2 Le~ t2L a, 



dt 

L 2 (X) t 



2K Q [M-k+e+^Q — i)] „2M~2fc+e+n(l/p*-l/2) 2M+2fe-e-n(l/p*-l/2) 



Bi 



Combining these estimates, by choosing Xi > max{r^ 1 , • • • /b,,}, we further see that 



2^r Bt Lff hKl 



Then, by choosing 



L»(17,-(2*0B0) 



<(2^r Bi ) 2M 2-^[/z(2^^^)]- 1 /2[ p ( Ai ( 2 i+^o B . )) ]-i 

x2 -2A'o(M-fc+e/2)^ 2M_2A:+e+ f% _ 2)_ r 2M+2fc 



Bi 



In if 



i^o = max 

0<fe<M 



2M _ 2fe+e+f( J_ M 



"1 



2 v p$ 2> r 2M+2ki\ 

max <i<N{r Bi ^ }) 



21n2(M - k + e/2) 



we conclude that for i € {0, 1, • • • , iV}, m^! is a (<&, M, e)L-molecule adapted to the ball 
2 °Bi, which shows the claim, and hence completes the proof of Theorem 3.1. □ 

Remark 3.1. We point out that the proof of Theorem 3.1 also works for [15, Theorem 
5.4]. Moreover, due to the lack of the support of molecules, we show that m^Xi f° r 
i € {1, • • • , N} is a ($, M, e)i-molecule adapted to the ball 2 K °Bi, instead of Bi as in the 
proof of [15, Theorem 5.4], which also simplifies the proof of [15, Theorem 5.4]. 

By Theorem 3.1, the argument same as the proofs of [2, Theorems 3.13 and 3.16], we 
obtain the following dual theorem. We omit the details. 
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Theorem 3.2. Let L, <£, p and M be as in Definition 3.2. Then for any function f G 
BMO.^^), the linear functional £ , defined by £(g) = (f,g) initially on H™^' L , (X) with 
M > M and e G (0, M — §(— — ?>)); has a unique extension to H$ : l*(X) and, moreover, 
ll^ll(-ff* l*( x ))* — C\\f\\ bmo m (X) f or some nonnegative constant C independent of f. 
Conversely, for any £ G (H$ t L*(X))* , there exists f G BMOff L (X) such that £(g) = 

(f,9) for allg G H™J£^(X) and \\f\\ BM o M L (x) ^ C ¥\\(H^ L *(X))*, where C is a nonneg- 
ative constant independent of £. 

Remark 3.2. (i) Theorem 3.1 is just [2, Theorems 3.15] but with the ranges of indices 
M and e replaced, respectively, by M > §(4r - i) and e G (0, M - §(4r - \)). 

(ii) By Theorem 3.2, we see that for all M > §(4r - \), the spaces BMOf L (A") for 

different M coincide with equivalent norms; thus, in what follows, we denote BMO L (X) 
simply by BMO p , L (^). 

The following two propositions are just [2, Propositions 3.11 and 3.12] (see also [21, 
Propositions 4.4 and 4.5]). 

Proposition 3.1. Let L, <& ; p and M be as in Definition 3.2. Then f G BMO a l(^) if 
and only if f G M$ L (X) and 



1 
Bex p(n(B)) 



[l-(I + rlL)- 1 ] M f(x) Z dp(x) 



< oo. 



/ \T - (T+r'll r l \-" ft r) ~ 

AB) Jb 
Moreover, the quantity appeared in the left-hand side of the above formula is equivalent to 



BMO% L {X)- 

Proposition 3.2. Let L, <3? ; p and M be as in Definition 3.2. Then there exists a positive 
constant C such that for all f G BMO^l^), 

1/2 



1 

sup — — — — — 
bcx P(H{B)) 



1 [f\n2 T \M-t 2 L ff „M2dn{x)dt 



\(t<Ly<e-^f(x 



KB)JJb t 



< C \\f\\BMO^ L (X)- 



The following Proposition 3.3 and Lemma 3.2 are a kind of Calderon reproducing for- 
mulae. 

Proposition 3.3. Let L, <I> ; p and M be as in Definition 3.2, e, ei G (0, oo) and M > 

M + e 1 + | + f (4r - 1), where N is as in (2.4). Fix x G X. Assume that f G M$ L (X) 

satisfies that 

| (I -( / + L) -l)M /(x) |2 

+ [d(x,x )] 
Then for all ($, M, e) l* -molecules a, 



(3.6) / — du(x) < oo. 

y*l + [d(x,x )] n+6l+2Ar(1/p *- 1) 



dp,(x) dt 

II \i -u; c j ^jv~u c - un^J , 

'Jxx(0,oo) * 

where C(M) is as in (3.5). 



(f,a) = C(M) // (t 2 L) M e- t2L f(x)t 2 L*e- t2L *a(x) 
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Proof. For R > 5 > 0, write 

-R 



C(M) l l (t 2 L) M e- t2L f(x)tiL*e-t 2 L* a (x) ^ (x) M 
Js Jx t 

f,C(M) [ R (t 2 L*) M+1 e- 2t2L *a- 
Js t 

(f, a) ~(f,a- C(M) j\t 2 L*) M+1 e- 2t2L *a |\ 



Since a is a (<J>, M, e)^* -molecule, by Definition 3.1, there exists b € L 2 {X) such that 
a = (L*) M b. Notice that 



li M 



I = [I - (I + L)- 1 + (/ + i)" 1 ]' "/ 



=E(^)[/-(/+i)- i ]"-'(^^)-v=i;(^[/-(/ + L)- i ]"i-v, 

fc=0 V 7 fc=0 v 7 

where ( fc ) denotes the binomial coefficient, which, together with ffoo-functional calculus, 
further implies that 

/, a - C(M) f R {t 2 L*) M+1 e- 2t2L *a - 



M 



^*» ' r - '- n M * T M-ku nc\/r\ f l+l T *\M+l-2t 2 L* i T *\M-k- ^t 



, [/-(/ + L)- 1 ] M /, L M ~ fc & - C(M) / (i 2 L* 
k J \ Js 



M 
k 



\M 



[/_(/ + L )-i] M /; C(M) / {t 2 L*) M+1 e- 2tL \L 

Jo 



: - " (L 

dt 



■E 

fc=0 
M 

-E 

fc=0 

^(^([^(^ L ) _1 ] M /' C ( M ) r(t 2 L*) M+1 e- 2t2L * (L*f~ k b j 

M 



b — 

t 



t 



fc=0 v 7 



For J, by (3.6) and Holder's inequality, we conclude that 



Ul < 



\(I-(I + L)-i) M f(x)\ 2 
x l + [d(x J xo)] n+ei+2JV(1/p * _1) 



dfi(x) 



X 



1/2 



1 



fi? L *)M+M-k+l e -2?L' b , x) = 

R t 2(M-k)+l 



dt 



(l + [d(x J x )] n+ei+2JV(1/p * -1) ) dfi(x) 



1/2 
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< 



R 



1 



{t 2 L * )M+ M-k + l e -2t*L* b ^ + [d( . >a . o) ]„+ ei +2;V(l/ p --l^ 

dt. 



1/2 



L 2 (X) 



f2(M-k)+l 

Let B Q = B(x , 1). Notice that there exist N, d € N such that for all j € N, j > N, 



Uj{Bo) C |J U j+i (B), 



i=—d 



where B is the ball adapted to a and Uj(B) for j € Z + is as in (2.5). By choosing jo > N, 
we conclude that 



Ul < 



2 T*\M+M-k+l„-2f i L*i 



(t 2 L 



x(l + [d(-,xo)] n+ei+2JV(1/p * _1) ) 1/2 



1 



L 2 (2nB Q ) f2(M-k)+l 



dt 



+ E 



R 



2 T *\M+M-k+l ~2t 2 L*t 



{t Z L 



J=Jo+l 

x(l + [d(-,x )] n+ei+2JV(1/p *- 1) ) 1/2 



L 2 (Uj(Zo)) f2(M-fe)+l 



dt = Ji + J 



1 1-J2- 



For all ? > 0, let Ci = 2l( n+ei+2Af ( 1 / p *- 1 »||6|| L 2 (A . ) and R x = (&) a < M -*>, then for all 
R > Ri, we obtain 



Ji<2- 



*(n+ei+2JV(l/p--l)) 



rft 



R f2(M-k)+l 



Hl 2 {x) ^ e- 



n I 1 1 



Letting C2 = r 



(-^-i)+2M 



B 



'C 2 



and R 1 = (kS-)^M-k) ; t h e n for all i? > Ri, we know that 



J2 < V 22( n+e i+ 2Af ( 1 /p*-i)) 



i=—d 

poo 



£ / (^ 



(Xr?..^R^) 



^•+i(s) 



+ 



ij 



.2 T *\M+M-k+l ~2t 2 L* 
■ l~ I ■ \ W + .I/-/C+1 -2t 2 L* ( _ / 



1 



L 2 (l/ i+i (B)) £2(M-fc)+l 



eft 



1 



1^(1^+4(5)) i 2(M-fe)+l 



dt 



where U j+i (B) = 2^ +l+1 B\2^ +l - 1 B. Then, since 



fi 



2 T *\M+M-k+l -2t 2 L* 



(t z L 



^u j+i (B)b) 



1 



L 2 (U j+i (B)) t 2(M-k)+l 



■dt 
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< 



R 2{M-k) ^L*{U j+i (B)) 



< 2 _i(n+6i+2AT(l/pJ-l)) 



e, 



and /« (t 2 ^) M+M - fc+1 e- 2 * 2 ^( X( ^. +i(B)) c6) 

timate, we see that J2 < ?. Thus, lim#_ KX) J = 0. 
To consider H, let / = [/-(/ + L)- l ] M f . Then 

"\L* 



L 2 {U i+i {B)) t^M-k)+l 



dt satisfies the same es- 



S M +i = {f, (t z L*) m+l e- zt u (L*) M ~*b 



2 r *\M+l -2t 2 L* /j-*\M-k 







, dt 
b — 
t 



Thus, 



l(l(5 2 L*) M e- 252L *(L*) M - k b) + ^-/f, f (t 2 L*) M e- 2t2L *(L*) M - k bj 



S M+ i = ~\ (/, (6 2 L*) M e~ 2S2L \L*) M - k b) + ^S M 



M 



l^o£+l( 



-Ml 



? 2 T *\M-e+l-28 2 L*f T *\M-ki 



f,{S'L*) M - l+l e- Mlj (L*) m - K b) + ^ 7 S 1 . 



For all £ 6 {1, • • • , M}, from Holder's inequality, we infer that 



M! 



2 M 



f,(5 2 L*) M ' U1 e- 2S2L \L*) M - k b 



< 



X 



|(I-(I + L)-^/(x)| 2 ' 

l + [d(x,x )]™ +ei+2iV(1/p i- 1) 



1/2 



,Y 



(5 2 L * ) M-£+l e -2^ L * (L *)M- fc6(z) ^ + [d(X) Xo)]n+£l+ 2iV(l/ Pi -l) j ^ 



< 2 f [n+ei+2JV(l/pJ-l)] 



(<5 2 L*) M ^ +1 e- 252L *(L*) M -^ 



L 2 (2nB ) 



1/2 



+ y^ 2 2[ n + ei+2Ar ( l /p*-i)] 

i=io+i 



2 r*\Af-£+l -2<5 2 L* 



(<^L 



X Uffi}-itfi(B) 



(i 



*\M-fci 



L 2 (^(Bo)) 



+ 



(<5 2 L*) M ^ +1 e- 252L * 



^(U& 1 _ 1 t/i(B))^ L *) 



*\M-fei 



L2([/,-(B )) 



By the L -functional calculus, we see that lim^o^ L 
L 2 (X) and, by Lemma 2.2, we know that 



2t*\M-1+1 c -28 2 L* ( T *\M-k 



(L* 



c 6 = in 



V^ 2 i[n+6 1 +2JV(l/p--l)] < 
J=Jo+l 



2 r *\M^+l -2i 2 L* 



(<5 Z L 



x ut^i-i^( B ) 



(£ 



*\M-ki 



L\Ui(Bo)) 
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+ 



r2 T *\M-£+l -25 2 L* 



-*\M-ki 



(£Z j*\M—t+i.„—ZO -L,- I (T*\lVl-Ki 

(d L ) « lX( U j+^i_ 1 i/ i( B))o( L ) '■> 



L 2 (UABo)) 



< 



£* ! 



[n+ei+2AT(l/p--l)] 



i=io+i 



Il(^) 



*\M-ki 



2h 



ii a (Ui^i-i^( B )) + e '" ll(L * )M fe6|lL2 w 



From 



Si = (/, / (t 2 L*)e- 2 * 2L *(L*) M - fc l 



eft 



/, e 



-2<5 2 L* 



/ (L 



t\M-t) 



and 



lim 

5^0 



-2<5 2 L* 



/ (L 



*\M-ki 



L*{X) 



it follows that lim^o H = 0, which completes the proof of Proposition 3.3. 



□ 



Instead of [21, Proposition 4.6] by Proposition 3.3 here, repeating the proof of [21, 
Corollary 4.3], we obtain the following Lemma 3.2. The details are omitted. 

Lemma 3.2. Let L, <£, p and M be as in Definition 3.2 and e £ (0, oo). If f € 
BMO Pt L(X), then for any (<£, M, e) l* -molecule a, there holds 



(f,a) = C(M) 



A"x(0,oo) 



{t 2 L) M e- 1 L f(x)t 2 L*e- t2L * 



a[x) 



dp(x) dt 



Recall that a measure dp, on X x (0, oo) is called a p-Carleson measure if 

/ 1 



WW 



sup 

BcX 



\n(B)[p(n(B))]< 



1/2 

\dp\\ < oc. 



where the supremum is taken over all balls B of X. 

Using Theorem 3.2 and Proposition 3.2, similar to the proof of [21, Theorem 4.2], we 
obtain the following p-Carleson measure characterization of BMOp i z,(A'). 

Theorem 3.3. Let L, <£ ; p and M be as in Definition 3.2. Fix xq £ X. Then the following 
are equivalent: 

(i) / € BMO p , L (*); 

(ii) / e M$ L (X) satisfies that 



\(I-(I + L)-i) M f(x)\ 2 
x l + [d(x,x )] n+ei+2iV(1/p * _1) 



dp{x) < oo 



for some t\ € (0, oo), and dpf is a p-Carleson measure, where d\if is defined by dp,f(x, t) 
\(t 2 L) M e- t2L f(x)\ 2 ^^forall{x,t)GXx{0,oo). 
Moreover, \\dpf\\ p is equivalent to ||/||bmo l(x)- 
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Proof. It follows from Proposition 3.1 and the proof of Lemma 3.2 that (i) implies (ii 

n , N 
4 "r" 2 



To show that (ii) implies (i), let M > M + ei + ^ + f (4r - 1). From Proposition 3.3, 



we deduce that 

(f,g) = C(M) 



{t 2 L) M e- tL f(x)t 2 L*e- t2L *g(x) 



dfi(x) dt 



A"x(0,oo) 



where g is any finite combination of ($, M, e)^* -molecules. Then £ 2 L*e~* L *g G T$(X). 
By Lemma 3.1, there exist {\j}JL x C C and T$ ( Af )-atoms {clj}'jL 1 supported in {Bj}JL x 
such that (3.1) and (3.2) hold. This, together with Fatou's lemma and Holder's inequality, 
implies that 



I </,<?> I 



C(M) 



< 



I>. 



*x(0,oo) 
oo 



(t 2 L) M e-* L f(x)t 2 L*e- t2L *g(x) 



dfi{x) dt 



4.2 t\M „-t 2 L . 



„ , , \(t'L) M e-^f{x)a 3 {x jt ) 
o Jx 



d/j,(x) dt 



^^I a jIKI 



!*(*) 



\(t 2 L) M e^ L f(x] 



2 dfj,(x) dt 



1/2 



«, 



< E I^HI^/IIp < ||(t 2 L*) M e- t2L * 5 || T<tW ||d M /ll, ~ \\9\\H^MX)Wf\\ P - 



By this and Theorem 3.2, we conclude that / G {H$^*(X))* = BMO^i^), which 
completes the proof of Theorem 3.3. □ 

Now we introduce the space YMO p ^(X). 

Definition 3.3. Let L, $, p and M be as in Definition 3.2. An element / G BMO^Af) 
is said to be in the space YM.O pL (X) if it satisfies the following limiting conditions 
7i(/) = 72(/) = 73(/) = 0, where xq G X is a fixed point, c G (0, 00), 



7i(/) = lim sup - 

^B:r B <cP{n{B)) 



7 2 (/) = lim sup 

c ^°° B:r B >c PVUKB)) 



KB) JB 

^)/, l(/ - e 



I (j - e - r B L ) M /(a;)| 2 d/4(x) 



KB) 



and 



7 3 (/) = lim sup 

C_KX> B:Bc[B(x, 



0jC )]C p(m(*)) 



M (B) 



^ L ) M /(X)| 2 ^(X) 



-rlL\M 



1/2 



1/2 



i- e - r s^r/(x)rdM(x) 



1/2 



For any / G VMO™ L (^), define 



VMO*(Af) 



I/I|bMO PiZ ,(A')- 
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Definition 3.4. Let <£ satisfy Assumption ($) and p be as in (2.11). The space T^ v (X) 
is denned to be the space of all / G T|°(/f ) satisfying f?i(/) = 112(f) = %(/) = with the 
same norm as the space T|°(/f ), where x$ G /f is a fixed point, c G (0, oo), 



^lC/)^ 1 ™, sup 



772 (/) = hm sup 

c ^°° B:r B >c P{V>{ B )) 



M*)^ 1 **'* 1 



2 dfi(y) dt 



1/2 



Ml 6 ) ././b 



2 d/i(j/) dil 



and 

1/2 

%(/) = lim sup 

~ n B:BC[-B(io 



'->- .. ... ,r,: r0|C)]C p(/i(S)) 



_i_jj aM m± 



It is easy to see that T|° v (/f ) is a closed linear subspace of T|°(/f ). 

Further, denote by T^(X) the space of all f G T|°(Af) with rii(f) = 0, and T^ b (X) the 
space o/ a// / G T%(X) with bounded support. Obviously, we have T^JX) C Tg? (X) C 
T|^ > 1 (A'). Finally, denote by T^ (X) the cZosnre of T% b (X) in the space T^(X). 

Lemma 3.3. Let L and <5 be as in Definition 3.1, and T^ v (X) and T^ (X) defined as 
above. Then T|° v (/f ) and T|° (/f) coincide with equivalent norms. 

Proof. Since T^X) C T™ Y (X) and T°? y (X) is a closed linear subspace of T™(X), we 
conclude that T™ (X) = T% fi (X) C T°? V {X). 

Conversely, for any / G T^ v (X), by the definition of T|° v (Af), for any e > 0, there exist 
positive constants oq, bo and cq such that 

< 3 ' 7 > su " w |™//j/fc.)i , ^< ( , 

B:r B <a V{B)[p(n(B))Y JJ B t 



(3-8) sup (m l (m)] J L\f(y,t)\ 2 ^^<e, 

B:r B >b H{B)[p{p(B))\ 2 JJ B t 



and 



(3-9) sup l\f{y,t)\ < e. 

B:Bc[B(x ,c )}t K B )iP^( B W JJb t 



2 dp(y)dt 



, oo 



Let Kq = max{a , bo, Co} and, for all (y, t) G X x (0, 

d{y,t) = f{y,t)XB(x ,2K )x((2K )-\2K )(y^)- 

Obviously, g G T| fe (/f ). To complete the proof of Lemma 3.3, we need show that 

||/ - g\\ T ™{x) 



' 2 <e. 
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We consider the following three cases for all balls B in (3.7), (3.8) and (3.9). 
Case (i) r# < ao or rs > bo- In this case, from (3.7) and (3.8), we deduce that 

Case (ii) ao < tb < &o an d B C [B(xq,cq)\ . In this case, by (3.9), we conclude that 
Case (hi) ao < tb < &o an d -B n -B(xo, Co) 7^ 0- In this case, we have 

JO JB(xB,2 k a ) T 

where x^ is the center of -B and A; the smallest integer such that 2 fc ao > ?\B. Then, by 
Lemma 2.1, we pick a family of balls with the same radius ao, {B(xs,i, ao)}j=i> such that 
B(x B ,2 k a ) C U^BixB^ao), N k < 2 kn and E?=iXB{x BA ,a ) < 1- Therefore, combining 
the fact that p is an increasing function, we obtain 

]f(y , t) - g(y , t)? m±<r° ) - 1 1 i/( 9 . t )i^ 

B t JO Ju^BixB^ao) t 

i=\ J J B(x B)i ,a ) ^ 

N k 

% e 5Z v( B ( x B,i> ao))[p(p{B(xB,i,a )))} 2 

JVfc 

< 6[p(^( J B))] 2 g m(5(xb„ a )) < 6Mi?)[p(Mi?))] 2 , 

i=l 

which completes the proof of Lemma 3.3. □ 

. — - — M 

Definition 3.5. Let L, <I>, p and M be as in Definition 3.2. The space VM.O pL (X) is 
defined to be the space of all elements / G BMO p l(X ) that satisfy the following limiting 
conditions 7i(/) = 7 2 (/) = 7 3 (/) = 0, where c G (0, 00), 



1 1 /■ 1/2 

7i(/) = lim sup - 

c ^B:r B <cP(.P{B)) 



7i(/) = lim sup 



c-^00 B:r B >c P{^{B)) 



^j^I-il + rlLr^fix^dpix) 
(I-[I + rlL]- l ) M f{x)\ 2 dp{x) 



p(B) 
1 



M (S) 



1/2 
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and 



7i(/) = lim sup 



B:BC 



[B(0,c)]= P^{B)) 



^y j B \(I ~ [I + rlL]- 1 )^/^)! 2 d„(x) 



1/2 



Proposition 3.4. Let L, $, p and M be as in Definition 3.2. Then f G VMO^ L (^) if 



■M 



and only if f E VMO pL (X). 



-M 



Proof. Suppose that / G VMO /oL (A'). To see / G VMO^ L (A'), it suffices to show that 

1/2 x 



(3.10) 

where 
(3.11) 



1 



pMb)Mb)] 1/2 



B 



(I-e 



-r\L\M 



f(x) dp(x) 



<^2- fc «5 fc (/,5), 



fc=0 



W,£) 



sup 



{ B>c2k+iB:r B ,e[2-lr B ,r B ]} P{K B ))[K B )Y /2 



I \{I-[I + r 2 B L]^) M f{x)\ 2 dp{x) 

JB 



1/2 



■M 



Indeed, since / G VMO . L (X) , by Definition 3.5 and Proposition 3.1, we conclude that 



h(f,B) 



< 



BMO p , L (A") 



and for all k G 



■>+■ 



lim sup S k (f,B) = lim sup S k (f,B) = lim sup S k (f,B) = 0. 

c ^B:r B <c c^cxD B:rs > c MOO B;Bc[B(% )C )f 



Then by the dominated convergence theorem for series, we have 



7i(/) = lim sup 



2 t\ M 

I-c-'bL) fix] 



dp(x) 



1/2 



c^ B:rs<c P {p{B))[p{B)]^ [J B 

oo 

<V2- fc lim sup 5 k (f,B) = 0. 



Similarly we see that j 2 (f) = 73(f) = 0, and hence / G VMO™ L (X). 
Let us now prove (3.10). Write 

(3.12) f=(l-[I + r B L]-') M f + {l-(l-lI + r B L]-i) M }f^f 1 + f 2 

By Lemma 2.2, we have 

(3.13) 



('-«- 


2 r\ M 
- r|L ) h 


L2(B) 




fc=0 


(/ - e-l 


) iflXu k (B)) 


L 2 (B) k=0 



-c2 z 



\hXu k (B)\\ L 2 {x) 
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< 



p(u,(B))[n,(B)] l / 2 J2^ c22k 2 kn tk(f,B) 



fc=0 

oc 



p(//( J B))[ M (i?)] 1 /^2- fc 4(/,i?) 



fe=0 



where Uk(B) for all k € Z + is as in (2.5), c is a positive constant and the third inequality 
follows from Lemma 2.1 that there exists a collection, {B k) i, -Bfc,2> • • • , B kt N k }, of balls such 
that each ball B kji is of radius r B , B(x B , 2 k+l r B ) C LS^B^ and N k < 2 nk . 
To estimate the remaining term, by the formula that 



M 



(3.14) 



/-(/-[/ + r|Lr 1 ) M = E 



M! 



2 n -i\ M 



Z^jl(M-j) 



(rlLril-il + rlL]- 1 ) 



(which relies on the fact that (/—(/ + r 2 L) 1 )(r 2 L) x = (I + r 2 L) x for all r € (0, oo)), 
and Minkowski's inequality, we obtain 



(3.15) 



B 



I - e~ r B L 



M 

r-^ / j 

3=1 

M M-j 

j=l i=0 

M M-j 

~ Z^ z^ 



jU 



/ 2 



L»(B) 



/ - e~'-l L 



TB 



o r\ 



S _,2r , 

e s L ds 



/i(x) 



dfi(x) 



1/2 



f'B 



rs Si 

o r| /t. 



i|| P -( ir i+ s ?+-+ s J ) i 

2 „2 l|e 



/i|| L 2 (B) dsi ■••dsj 



r B rrB 



,-' ■ ■ 3" 2 e lrs+Sl+ '" + ^ ||/lXl/ fc (B)||L2(Af) <fal • • ■ dSj 
r B r B fc =0 



Si s 

/,. ' 7„ ^ 

i=l i=0 
< p( M (5))[^( J B)] 1 / 2 ^ e"^*"^/, B 



c(2 k r B ) 2 



k=0 

oc 



p(^( J B))[^( J B)] 1 / 2 ^2- fc ( 5 fc (/, J B) 



k=0 



where c is a positive constant and in the penultimate inequality, we used the fact that 
Iq B ' ' ' f() B ^z" " ~i~ ^ s i ' ' ' d s j ~ 1- Combining the estimates (3.13) and (3.15), we obtain 



■M 



(3.10), which further implies that VMO pL (;t) C YMOf L {X). 

By borrowing some ideas from the proof of [16, Lemma 8.1], then similar to the proof 



-Al 



above, we conclude that VMO pB {X) C VMO t (<t) and the details are omitted. This 
finishes the proof of Proposition 3.4. □ 



We now characterize the space VMO l(X) via the tent space 
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Theorem 3.4. Let L, $ and p be as in Definition 3.1, M, Mi G N and M\ > M > 
§(— — 5)' Then the following are equivalent: 

(?) / G VMO^); 

(ii) / G M^(*) and (t 2 L)^e-' 2i / G I^ v (*). 

Moreover, ||(i 2 L) Ml e^ l /||t|°(A') w? equivalent to ||/|| bmo p , l (A")- 

Proof. We first show that (i) implies (ii). Let / G VMO^ L (X). By Proposition 3.2, we 

know that (t 2 L) Ml e"* 2 '* L f G T^(X). To see that {t 2 L) Ml e'* ' L f G T$° y (X), we claim that 
it suffices to show that for all balls B, 



(3.16) 



pO*{b)MB)\w 



|(t 2 L) Ml e- i2L /W| 2 ^^ 



1/2 



<E 2 ~ fc w> 5 )' 



fc=0 



-JM 



where 5 k (f,B) is as in (3.11). Indeed, since / G VMO™ L (A') = VMO pL (X), we conclude 
that for each k G N, 5 k (f,B) < \\f\\BMO p , L (x) and 

lim sup 5 k (f,B) = lim sup 5 k (f,B) = lim sup 5 k (f,B) = 0. 



c ^°B:r B < 



r B <c 



' B:r B >c 



B: Bd[B{x ,c)] c 



Then from the dominated convergence theorem for series, we infer that 



771 (/) = lim sup 



<~OB:rB<cP(rtB))[fl(B)] 1/2 



<V2- fc hm sup 6 k (f,B) = 0. 

£-J c^0 B:r . s < c 



B 



(f 2 L) M le - i2 L /(x) 



dfx(x) dt 



1/2 



Similarly we see that r? 2 (/) = %(/) = 0, and hence (t 2 L) Ml e^ L f G T~ V (AT). 

Let us now prove (3.16). Write / = /1 + fi as in (3.12). Then by Lemmas 2.2 and 2.3, 
similar to the estimate of (3.13), we have 



(3.17) 



i2r\Ml -t 2 L 



(^L^e-^/xOr) 



B 

00 

fc=0 



d\x(x) dt \ ' 



(tfL)"^-* L (hXu k (B))(x) 



dfi(x) dt \ ' 



* r /"1-b r 

i$ II/i||l 2 (4B) +Y] / exp^- 

00 ( „ T 

<ii/iiIl 2( 4B)+e y o 



2 fc r B ) 2 l dt 



rf< 



1/2 



(2 fc r B ) 2 
<p( A t(5))[M(S)] 1 / 2 ^;2-%(/,S) 



" +1 dt) 1/2 



|/lXt/ fe (B)|| L 2 (A .) 
|/lXl7 fc (B)|| L a w 



fc=0 
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where Uk(B) for all k € Z + is as in (2.5) and c is a positive constant. Applying (3.14), 
Lemma 2.2 and M\ > M to fi, we see that 



(3.1* 



{t 2 L) M le ^L h{x) 

B ' 
M 

i=i 

M oo 



dji(x) dt ~\ ' 



B 



SEE 

3=1 fc=0 I 
M C 2 

sE E 

3=1 {k=Q 

oo 



(; 2 L)^e-^(r|Lr/i(*) 

2j 



2 djtf (a) dt \ 1/2 



b 



t z 



B 



tfL^-'e-* L (fiXu k (B))(x) 



d/j,(x) dt 
i 



1/2 



I'D 



t 2 V J dt 



1/2 



+E 

fc=3 



''13 



(2 k r B ) 2 ) dt 
exp ' 



o 



ct 2 t 



Ji\\L 2 (4B) 
1/2 



oo r rs 

k=3 [ J ° 



r 



(2 k r B ) 2 
<p(M(5))[M J B)] 1 /2^2-^ fe (/, J B). 

fc=0 



|/lXt/ fc (B)|| L2(A .) 



dt { \\t I 

J> \\JlXu k {B)\ 



L*{X) 



The estimates (3.17) and (3.18) imply (3.16), which completes the proof that (i) implies 
(ii). 

Conversely, let / G M^ L {X) and (t 2 L) Ml e~* L / € Z^O*)- B y Proposition 3.2, we 
conclude that / € ~BM.O Pi l(X). For any ball 5, write 



a; 



J-e' 



-r£L 



jU 



fix] 



1/2 



dfi(x) 



sup 

Il9llz,2 (s) <l 



sup 

II9IIl2 (s) <i 



B 



B 



(l-e~ r2 B L ) f(x)g(x)dn.{x) 

7 2 EyM 

/(x)(I — e~ r B L * J g(x)d/J,(x) 



Notice that for any g G L 2 (B), (I — e r s- L *) M g is a multiple of a (<J>, M, e)i*-molecule; 
see [16, p. 43]. Then by Lemma 3.2 and Holder's inequality, we obtain 



■,-rlL 



I-e- r * L ) f(x 



M 



dfi(x) 



1/2 



~ sup 

\\9\\ L 2 (B) <1 



(t->L)"> e ->> L m?L- e ->>'-- (i - e-^) M g(x) M ' x) * 



E 

fc=0 



Vfc(B) 



#x(0,oo) 
{t 2 L) M le -t*L f{x) 



t 



2 d/j,(x) dt 



1/2 
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x sup 

\\9\\ L 2 {B) <1 \JJYkiD) 
oo 

= £V fc (/,B)I, 

fc=0 



rlL* 



t 2 L * e -t L lj_ e -r B L g ^ 



M 



2 } 1 / 2 

dfi(x) dt I 



where V (B) = B and V k (B) = (2 k B)\(2 fc ~ 1 B) for k e N. In what follows, for k > 2, let 
Vfc.i = (2 k B)\{2 k ~ 2 B x (0,oo)) and V k , 2 = V k (B)\V kjl (B). 
For A: G {0, 1, 2}, by Lemmas 2.2 and 2.3, we conclude that 



l k = sup 

II<?H L 2 (B) <1 [JJV k (B) 



M 



t 2 L*e~ t2L * (l-e- r B L *\ g(x] 



2 "I 1 / 2 

dfx(x) dt I 
~^ J 



i$ sup 

IML2 (B) <1 



2 r*\ M 



<1. 



L*(*) 



Now for /c > 3, write 



h < sup 

\\g\\ L 2 (B) <i yJJv K1 (B) 



+ sup 

ll9ll L 2 (s) <l \JJV kfl {B) 



t 2 L*e- t2L * ( / ( 

x 1/2 



-r 2 D L* 



Ai 



50*0 



2 "> X / 2 

dfi(x) dt I 



Ife,l + Ifc,2- 



Since for any (y,t) € Vfc^-B), t > 2 k 2 re, from Minkowski's inequality and Lemmas 2.2 
and 2.3, it follows that 



Ifc,2 = sup 

ll9ll L 2 (s) <l yJJV ka (B) 



t 2 L * e -t 2 L* (^J _ e -r%L'Y g^ x ) 



2 ^ 1 I 2 

dfi(x) dt I 



t 



sup 

II3Hl2 (s) <1 I JJV ka (B) 



t 2 L*e~ t2L * 



L*e~ sL * ds 



M 



a{x) 



2 ^ 1/2 

dfi(x) dt 
t 



^ sup 



2 2 

"b r r B 



h\\ L 2 (B) <iJv 

y p -(t 2 +si+-+s M )L* 



i$ sup 

ll9ll L 2, sl <1^0 



|t 2 (L*) M+1 
o i/^y fc , 2 (B) 

2 ^(x) tft 1 1/2 



ffO^, 



< 2 



IL2 (S) _ 

-2kM 



t 



2 k r B 



ds\ ■ ■ ■ dsM 

h(B) 



t 4 \\g\\ 2 



dt 



1/2 



I J2 k — i r B 



(t 2 + Sl + --- + s M ) 2 ( M+ V t 



jy — \ dsx ■ ■ ■ ds M 
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Similarly, we see that I fejl < 2 2kM . Let p$ G (0,P&) such that M > %{■£- — \)- Combining 
the above estimates and the fact that p is of upper type l/p$ — 1, we finally conclude that 

1/2 

M 



1 



^(B))[^(B)]V2 



'B 



/ - e-« L 



/to 



dfi(x) 



OO -J 

<\^o-2fcM }_ /•j; n\ 

~£ P(MS)MB)] 1 / 2 feU ' j 

< Y^ o- k [ 2M - n ( 1 /P*- 1 / 2 y °~k(f,B) 

~t p(n(2 k B))[n.(2 k B)}^- 

Since (t 2 L) Ml e" f2 ' L f G T|^(^) C T*(X), from M > §(i - ±) and the dominated 
convergence theorem for series, we infer that 

2 



7i(/) = I™ sup 



1 



c— ► 



oc 



H SUP — — ; — - — ; —-77: 

OB:rs<cP(KB)MB)]^ 



IB 



I - e-i L 



iU 



/(*: 



dp,(x) 



1/2 



< V- 2 -fc[2M-n(l/p 4 ,-l/2)] u 

— " c^o B:rs P < cP (^(2^))[/,(2fc J B)]V2 



= 0. 



fc=i 



Similarly, 7 2 (/) = 7 3 (/) 
the proof of Theorem 3.4 



0kU,B) 
B))W h 

= 0, which implies that / G VMO p L (X), and hence completes 

n 



□ 



spaces VMO^ L (;r) coincide 
VMOjf L (#) simply by VMO PiL (^) 



from Theorem 3.4 that for all M G N and M > §(4r - i), the 

2 p* 2 



Remark 3.3. It follows „ _ . ., , 

2 p^ 2 

oincide with equivalent norms. Thus, in what follows, we denote the 

... -\n\/rr\ _ / v"; 



4 The Dual Space of VMO p , L (X) 

In this section, we show that the dual space of VMO P! l(^) is B^^*{X), where the 
space B$ t L*(X) denotes the Banach completion of the space H$ l*(X); see Definition 4.3 
and Theorem 4.2 below. 

The proof of the following proposition is similar to that of [23, Proposition 4.1]; we 
omit the details here. 

Proposition 4.1. Let $ satisfy Assumption ($). Then the dual space ofT^(X) is T|°(Af). 
Moreover, the pairing 



(f,9) 



A"x(0,oo) 



f(y,t)g(y,t) 



dp,(y) dt 



for all f G T$(X) and g G Tqf(X) realizes T^(X) being equivalent to the dual ofT$(X). 
We now introduce a new tent space T$(X) and present some properties. 
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Definition 4.1. Let p G (0,1). The space T$(X) is defined to be the space of all / = 
Y,%i X j a 3 in ( T |°(^))*> wh ere {aj}f =l are r*(#)-atoms and {\j}f =l C C such that 
Y^jLi I'M < °°- If / £ 2$(,Y), then define \\f\\f , x s = inf{X^i |-\?'|}> where the infimum 
is taken over all the possible decompositions of / as above. 

By [16, Lemma 3.1], T$(X) is a Banach space. Moreover, from Definition 4.1, it is easy 
to deduce that T$(X) is dense in T$(X); in other words, T$(X) is a Banach completion 
ofTs(Af). 

Lemma 4.1. Lei $ satisfy Assumption ($). T/ien T$(A') is a dense subspace of T$(X) 
and there exists a positive constant C such that for all f G T$(X), \\f\\f , X \ < C||/||t 4> (A')- 

Proof. Let / G T^(A'). By Theorem 3.1, there exist T$(Af)-atoms {aj} ( ^ =1 and {\j} c j? =l C 
C such that (3.1) and (3.2) hold. 

For any L G N, set a^ = J2j=i l-\?l- Since <J> is of upper type 1, by this together with 
p {t) = t^ 1 /®- 1 ^- 1 ) for all t G (0,oo), we obtain 



Em(^-)* 



which implies that 



OLH{Bj)p(ji{Bj)) 



>E^ s i) $ 



j=i 



<TLti(Bj)p(fi(Bj))J <T L 



M>, 



^2\^\^M{^a^ =1 )<\\f\\ T ^ x) . 

Letting L — >■ oo, we further conclude that Yl'jLi l-\?'l ~ II/IIt*^)- 
Since / G T$(AT) and (T$(AT))* = T%>(X), we see that 



Thus, /€(T|%*))* and ||./ || ( r~(*)) 
(T|°(A'))* norm is defined by 



/ G n(X) C ({T*(X))*Y = (T|°(*))*- 

< \\f\\ T »w Reca11 that for an y e G ( T l° (*))*> ite 



l(T|°(*))* 



llffll 



sup 

T°°(*) 



l%)|- 



<1 



Observe also that a,j G (T ( | (A'))* for all j G N. Now, from these observations, the 
monotone convergence theorem and Holder's inequality, it follows that 






(T oo W )» 



sup 

IMIt|°(a-)<i 



A"x(0,oo) 



f(x,t) -^Xjaj(x,t) 



j=i 



S<x,£) 



d/i(x) dt 



t 



< sup / ^ |A i ||a j (a;,t)5r(x,t)| 



d[J,(x) dt 



t 



sup 



E \* 



\\9\\Tg>(X)<lj = L+l 



Bi 



\aj{x,t)g(x,t)\ 



d/i(x) dt 
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oo oo 

< sup J2 l A illl a illT|(A')ll5Xg:llT|(A') < Yl l A il^°> 

\\9\\t°?(x)<1j=l+1 ' ' ' j=L+l 

as L — )■ oo. Thus, the series in (3.1) converges in (T^ (X))* , which further implies that 

/ G %(X) and \\f\\f^ X) < Ejti \^j\ ^ II/IIt^*)- This finishes the proof of Lemma 
4.1. ""' □ 

Lemma 4.2. Let <& satisfy Assumption ($). T/ien T| b (A') is dense in T$(A'). 

Proof. Since T<j>(A') is dense in T$(X), to prove this lemma, it suffices to prove that T^dX) 
is dense in T$(X) in the norm || • ||^ , X y 

Fix xq G A'. For any o G 7$(<Y) and A; G N, let o^ = gxo k , where 

O k = {(x, t) G X x (0, oo) : dist (x, x ) < k, t G (1/k, k)}. 

By the dominated convergence theorem and the continuity of <)?, we conclude that for any 
A>0, 

lim f $ M( - 0fc )(x) \ dMx) = /• lim $ M( g - gfc )(x) \ ^ (x) = Q> 

fc ^°° y ^ v A / Jx k ^°° v A / 

which implies that lim^oo \\g — gk\\f i x \ = 0. Then, by Lemma 4.1, we see that 

\\9 -QkWf^x) ~ \\d - 9k\\r^(x) -> 0, 
as k — > oo, which completes the proof of Lemma 4.2. □ 

Lemma 4.3. Let <& satisfy Assumption ($). TTien (T$(^))* = T|°(A') via the pairing 

dfj,(y) dt 



(f,g)^ f(y,t)g(y,t) 

JXx(0,oo) <- 

for all f G T*(X) and g G T^{X). 

Proof. By Proposition 4.1 and the definition of T$(X), we see that (T$(X))* = T^(X) 
and T$(X) C f$(X), which further implies that (T$(X))* C r|°(Af). 

Conversely, let g G T ( | (A'). Then for any / G T$(Af), choose a sequence T$(Af)-atoms 
{a,}-! and {A,}^ C C such that / = £ ■ A jGj in (T|° (*))* and ^ N < H/Hf^)- 
Thus, by Holder's inequality, we obtain 



\(f,g)\<Y,[ \a j (x,t)g(x,t)\ 

■ JXx(0,oo) 



dfi(x) dt 



. JXx(0,oo) t 

^ IMItj°(*)5^|Aj| < \\9\\T~(x)\\f\\f*{x), 

j 

which implies that o G (T$(X))*, and hence completes the proof of Lemma 4.3. □ 
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Lemma 4.4. Let <£ satisfy Assumption ($). If f G T$(Af) ; i/ien 



(4.1) 



T (A''} — Slip 

* v fle2? i6 W,|| ff || T «, w <i 



/ f(x,t)g(x,t) 

JXx(0,oo) 



d/i(x) dt 



t 



Proof. Let / G T$(^f). From Lemma 4.2, we deduce that 



l/llf. 



T*(*) 



sup 



IMIt? ^)- 1 



/ f(x,t)g(x,t) 

JXx(0,oo) 



dfi(x) dt 



;(0,oo) * 

Thus, for any /3 > 0, there exists 5 € T|°(A') such that || c/||-p2 ^\ < 1 and 



/ f(x,t)g(x,t) 

JXx(0,oc) 



dfi(x) dt 



t 



> 






Observe here that fg G L 1 (X x (0, 00)). Fix xo G A". Let 

Ofc = {(a;, £) G A" x (0, 00) : dist (x, x ) < fe, 1/k <t < k}. 
Then there exists k G N such that 

d/i(x) dt 



A"x(0,oo) 



f(x,t)g(x,t)xo k 



t 



>Wf\\f* { x)-P- 



Obviously, gxo k £ T^AX). Thus, (4.1) holds, which completes the proof of Lemma 



4.4. 



□ 



The following lemma is a slight modification of [8, Lemma 4.2]; see also [22]. We omit 
the details here. 

Lemma 4.5. Let 3> satisfy Assumption ($). Suppose that {fk}hLi ^ s a bounded family of 
functions in T$(X). Then there exist f G T$(X) and a subsequence {fkj}JLi °f {fk}^ = \ 
such that for all g G T2 b (X), 



/ fk J (x,t)g(x,t) 

JXx(0,oo) 



lim 

J^°°JXx(0,oo) 



du,(x) dt 
t 



f(x,t)g(x,t) 



d/i(x) dt 



IXx(0,oo) 

Theorem 4.1. Let $ satisfy Assumption (<3?). Then (TJ° (Af))* , the dual space of the 
space T^ V (X), coincides with T$(X) in the following sense: 

For any g G T$(X), define the linear function £ by setting, for all f G T|°(A'), 

d(j,(x) dt 



(4.2) 



'(/) 



A"x(0,oo) 



f(x,t)g(x,t) 



Then there exists a positive constant C , independent of g, such that 

¥\\(T^(X)r < C\\g \\f^ x y 
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Conversely, for any £ £ {T^{X))* , there exists g £ T$(X) such that (4.2) holds for all 
f £ T ( | (A') and ||(/||y < x -, < C||^||(T°°(A'))*; where C is a positive constant independent of 
L 

Proof. From Lemma 4.2, we infer that T£> V (X) C T$?(X) = (f$(X))*, which further 
implies that %(X) C (%(X))* C (T£ v (Af)j*. 

Conversely, let £ £ (T|° v (-Y))*. Notice that for any / £ T% b (X), without loss of gener- 
ality, we may assume that supp f C K, where K is a bounded set in X x (0, oo). Then 
we have ||/||t°° (x) = WflW^tx) < C(-^0II/IIt 2 <x)- Thus, £ induces a bounded linear func- 
tional on T^dX). Let O k be as in the proof of Lemma 4.4. By the Riesz representation 
theorem, there exists a unique g k £ L 2 (O k ) such that for all / £ L 2 (O k ), 

„. . . , du(x)dt 
f(x,t)g k {x,t) *V ■ 

Xx(0,oo) z 

Obviously, g k +\O k = g k for all k £ N. Let g = g\XOi + J2T=2 9kXo k \O k -i- Then 9 G 



L 2 oc (X x (0, oo)) and for any / £ T^^X), we have 

JA"x(0,oo) r 

Set g k = gxo k - Then for each k £ N, obviously, we see that 5% £ T 2 b (X) C T$(A') C 
T$(X). Then from Lemma 4.4, it follows that 

dfi(x) dt 



9k\\r^(x\ = SU P 



IT* (AT) 



/ST| (A-),||/|| T oo W <l 



•I' 



f(x,t)g(x,t)xo k (x,t) 

Xx(0,oo) 



sup |^(/xo fc )| 



/e*?,6(*).ll/ll:if> (*)<! 



'fez 
# 

< sup IKII(T|° (A0)*II/IIt°°(A0 < ll^ll(T°° v (^))*- 

/6T2 6 (A-),||/|| T oo W <l 



Thus, by Lemma 4.5, there exist g £ T${X) and {g kj } c *L 1 £ {Sfclfcli such that for all 
f£Tl b (X), 

f ,,-,-, ,du(x)dt f ,, .„, ,du(x)dt 

lun / f(x,t)g kj (x,t) w / = / f(x,t)g(x,t) ^ ' . 

■J->°° J X x (0,oo) * JA"x(0,oo) * 

On the other hand, notice that for sufficient large fej, we have 

d/j,(x) dt 



£(f)= I f(x,t)g(x,t) 

Xx(0,oo) l 

„, .„ , ,dii(x)dt f n/ N „, .du(x)dt 

f(x, t)g k . (x, t) w; = / /(z. *M*, *) V , 

A"x(0,oo) t JA"x(0,oo) t 

which implies that g = g almost everywhere, and hence 5 € T$(A'). By a density argument, 
we conclude that (4.2) also holds for g and all / £ T|°(,Y), which completes the proof of 
Theorem 4.1. □ 
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Definition 4.2. Let L satisfy Assumptions (L)i and (L)2, $ satisfy Assumption ($), 
M G N, M > 2(4r - i) and e G (n(l/pj - l/pJ),oo). An element / 6 (BMO P)L *(;t))* 

is said to be in the space H^'^(X) if there exist {Aj}^ =1 C C and (<3>, M, e^-molecules 
{aj}f =1 such that / = J2?=i AjOj in (BMO PiL »(^))* and 

A^-a,-}^) = inf \ A > : f>(^)$ f T - 7 ^lM_ . j < , V < -^ 



i=i 



X^BM^Bj)) 



where for each j, a,,- is adapted to the ball Bj. 

If / G i? $ ^ e (Af), then its norm is defined by 11/11^^.^^.-, = inf{A({A :? Q: J }-?5 =1 )}, where 
the infimum is taken over all the possible decompositions of / as above. 

By [21, Theorem 5.1], we see that for all M > S (4r - i) and e G (n(l/p$ - 1/pJ), oo), 

the spaces H^^{X) and H^£(X) coincide with equivalent norms. 
Let us introduce the Banach completion of the space H$ t i(X). 

Definition 4.3. Let L satisfy Assumptions (L)i and (L)2, $ satisfy Assumption ($), e G 
(n(l/pj — l/p$), oo) and M > §(4r — ^). The space -£>$ ^(A') is defined to be the space 

of all / = J2?=i x j a j in (BMO PvL *V))*> wh ere {A,-}^ C C with J2?=i \*j\ < °° and 
{a 3 }f =l are ($, M, e) L -molecules. If / G B%£{X), define ||/|| B ^ W = ^{E^i I'M), 
where the infimum is taken over all the possible decomposition of / as above. 

By [16, Lemma 3.1], we know that B^ 'l(X) is a Banach space. Moreover, from Defini- 
tion 4.2, it is easy to deduce that H$ : l(X) is dense in B^ ' L (X). More precisely, we have 
the following lemma. 

Lemma 4.6. Let L satisfy Assumptions (L)i and {L)2, 3> satisfy Assumption ($) ; e G 

r l 

i) H$,l(X) C 5^^(A') and i/ie inclusion is continuous. 

ii) For any e\ G (n(l/pj — l/p^),oo) and M\ > S(4r — \), the spaces B^'^(X) and 

B^ £ ei (X) coincide with equivalent norms. 

Proof. From Definition 4.3 and the molecular characterization of H& l(X), it is easy to 
deduce i). 

Let us prove ii). By symmetry, it suffices to show that B^'^(X) C B^ 1 £ ei (X). Let 

/ G B^'l(X). By Definition 4.3, there exist ($, M, e) L -molecules {«j}~ i and {Xj}°° =1 C 



(n(l/pl - l/p|),oo) and M > §(4r - £). TTien 



C such that / = ZT=i X J a J in (BMO PrL .(Af))* and ^ |A;| < ||/|| B ^ W - By i), for 
each j G N, we see that a,- G #$,£,(#) C B $j ^' €1 (Af) and \\a j \\ B M 1 , n ^ x) < \\aj\\ H ^ L (x) ^ 
1. Since B^V ei (X) is a Banach space, we see that / G B^V ei (X) and H/ ILm^c-l , . < 

Ylf=i \ X j\\\ a j\\ B M i,£i( X) % ll/ll B M .»(^)- Tllu s, B^'l(X) C B^£ ei (X), which completes the 
proof of Lemma 4.6. □ 
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Since the spaces B^ '[(X) coincide for all e G (n(l/pj — l/p$), oo) and M > §(-4- — 5), 
in what follows, we denote B^ ' L (X) simple by -B$,l (X). 

Lemma 4.7. Let L satisfy Assumptions (L)i and (Z/)2, and $ satisfy Assumption (<&). 
T/ien (S* >L (Af))* = BMO p , L *(^). 

Proo/. Since (fr* )L (AT))* = BMO p , L * (<*") and H* >L (X) C B* )L (#), by duality we con- 
clude that (b* jL (x))* c BMO PiL »(;r). 

Conversely 'let e G (n(l/pj- l/p+),oo), M > §(4r - |) and / G BMO p , L »(^). 
For any # £ B^ t L(X), by Definition 4.3, there exist (3>, M, e)^-molecules {aj} ( ^ =1 and 
{A,}-! C C such that g = ET=i X J a J in (BMO p , L *(*))* and J2°° =1 \\j\ < \\g\\ B ^ L{x) . 
Thus, 

oo oo 

\(f,g)\ <J2\Xj\\(f,aj)\ <J2\ X j\\\f\\BMO p , L *(X)\\Uj\\H*, L (X) 
3=1 3=1 



< 11/11 bmo P:L *(x)\\9\\b^ :L (x), 
which implies that / G (B^^l(X))* , and hence completes the proof of Lemma 4.7. □ 

Let M G N. For all F G L 2 (X x (0, oo)) with bounded support, define 

dt 

T 

where C(M) is as in (3.5). 



/•oo 

(4.3) n LM F = C(M) / (t 2 L) M e~ t2L F(-, t) 

Jo 



Proposition 4.2. Let L satisfy Assumptions (L)i and (L)2, <& satisfy Assumption ($) 
and M G N. TTien t/ie operator ttl,m, initially defined on T 2 b (X), extends to a bounded 
linear operator 

i) from T 2 (X) to L 2 (X); 

ii) from T*{X) to H*, L (X), if M > § (± - I); 

iii) from T 9 (X) to B$, L (X), if M > §(4r lv 



iv) /rom 3|° v (^) to VMO P;L (^). 



2V p# 27; 



Proof, i) and ii) were established in [2, Proposition 3.6] (see also [21, Lemma 3.1]). 

By Lemma 4.2, we know that T^JX) is dense in T$(X). Let / G T 2 b (X). From ii) 
and Lemma 4.6, we deduce that 7Tl,m/ £ H$,l{X) C Bq> t i,{X). Moreover, by Definition 
4.1, there exist T$(A')-atoms {a,j}JL 1 and {A J }^ =1 C C such that / = Y^7Li^j a j m 
(T|°(AT))* and Ejl A jl ^ ll/llf,(*y In addition, for any g G BMO PiL «(A'), we have 
(t 2 L*) M e- t2L *g G 3|°(^). Thus, by (T$(#))* = 23°(#), we conclude that 

dfi{x) dt 



(^l,m(/),5) =C(M) / /(x,t)(t2L*)^e-* 2 ^ 5 (x) , 

JA"x(0,oo) t 
oo „ 

= VA J C(M) / aj (x,t)(t 2 L*) M e- t2L *g{x 

• 1 JA"x(0,oo) 



dfi(x) dt 
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3=1 

which implies that 7TL,M(f) = Yl^Li ^j^L^io-j) hi (BMO P) l*(X))* . By ii), we further 
conclude that 



\nL,M(f)\\B* !L (x) < X^I A J'lll 7rL ' M ( a j)H B *,iW 



oo 



£ Yl l A J'lll 7r ^Af(°j)llH , *,iW ~ ll/Hf. 



*W 



i=i 



Since T 2 b (X) is dense in T$(^f), we see that 7Tl ; m extends to a bounded linear operator 

from T^A") to B$ t L(X), which completes the proof of iii). 

Let us now prove iv). From Lemma 3.3, we infer that T 2 ,(X) is dense in T^ v (X). Thus, 
to prove iv), it suffices to show that ttl,m maps T 2 b (X) continuously into VMO ft t(^)- 

Let / e T 2 b (X). By i), we see that 7t l ,m/ G L 2 (X). Notice that (3.3) and (3.4) with L 



ni 1 1- 



and L* exchanged implies that L 2 (^) C ,M$ £,(#), when M 1 € N and M x > §(4r - - , 

Thus, ttz^m/ G M^ l (X). To show tt Li m/ G VMO PjL (X), by Theorem 3.4, we still need 
show that (t 2 L) Ml e-* 2L 7r L)M / G I^ v (*). 

For any ball 5 = £(x B , r B ), let V (B) = B and Vfc(S) = (2^B)\(2^~B) for any jfe G N. 
For all fc € Z+, let /& = fxv k (B)- Thus, for k G {0, 1, 2}, by Lemma 2.2 and i), we see that 



B 



(t 2 L) Ml e- 4 L n L , M f k (x) 



2 dfj,(x) dt 



1/2 



< 



\~KL,Mfk\\L2(X) < IIAIItK^)- 



For A; > 3, let K M (B) = (2 k B)\(2 k ' 2 B x (0,oo)) and K fc)2 (5) = V k (B)\V kjl (B). We 
further write f k = fkXv k>1 (B) + fkXv ka (B) = fk,i + fk,2- From Minkowski's inequality, 
Lemma 2.3 and Holder's inequality, we deduce that 



(t'L^e-* L n LM f k , 2 (x] 



dfi(x) dt 
t 



1/2 



B 



2 ,r B j_ 

(t 2 L)^e- t2L (s 2 L) M e' s2L (fk,2(; s))(x) - 

2 k ~ 2 r B s 



d/j,(x) dt 





r2"r B 


ff 


< 


J2 k ~ 2 r B 


JJ» 




l-2 k r B 


rr B 


< 


J2 k - 2 r B 


[I 



t 2M ls 2M L M+M le -( S ^)L (/M( . )S))(x) 

1/2 



2 du,(x) dt 



1/2 



1/2 



ds 
s 



j2M x g 2M - 



(s 2 + t 2 ) 



M+Mi 



/ \ 1 1 2 
c,2(-,S)|| L 2 (A .) — 



ds 
s 



<2- 2feMl f TB \\fU^)\\ L ^xA<2- m \\f k ,2\\T 2H xy 

J2 k ~ 2 r B s 
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Similarly, we have 



B 



(t 2 L) M ^e- tZL 7r LM f ktl (x) 



2 dfj,(x) dt 



1/2 



<■ — 2fcAfi II r II 

^2 \\jk,l\\T%{X)- 



Let pq, e (0,p$) such that M > |( J — ±) and Mi > §( ~ — |). Combining the above 



estimates, since <1> is of lower type p$, we finally conclude that 



1 



pOu^HMS)] 1 / 2 

2 



« 



1 



(i L) x e TTL,MJ( X ) 



dfi(x) dt 



1/2 



fc=0 

oo 2 



i 



(t"L) Ml e- t L itL,Mf k {x) 



d/j,(x) dt 



1/2 



(^L)^e-* L 7t l , m /m(^) 



2 d/i(x) dt 



1/2 



oo 2 



< 



E ^ /7 /mu /y /mii/2 H^HrlW + E E 



2~2A:Mi 



fc=0 



p(//(B))[//(2?)] 



fc=3 i= 



-p(m(s))[ms)]V 



r/^"IIA,illr|(Af) 



<^ 2 -2fc[Afi-t(^-§)] 
fc=0 



p{n{2 k B))[^2 k B)Y/^ fk ^ {X) ' 



Since / € 7|° v (^) C T°?(X), we have 



/ 9(M(2 fc B))[M(2 fc B)]V2 |l/fc|ll ?W ~ I^HrrW 



and, for all fixed A; £ N, 



lim sup 



rfc||i?(AT) 



ll/fc|lT|(Af) 



^ B r,7< C p(^(2^))[/i(2 fe i?)] 1 / 2 ™ B: ? fl P > c p(^(2^))[ / u(2^)]V2 



lim sup 

c— >oo 



ffcllTlW 



B : B C[B(0,c)]GP(/"(2 fc S))[/i(2 fe i?)] 1 /2 

Thus, by the dominated convergence theorem for series, we further conclude that 

Vi((t 2 L) M ^e- t2L 7r L , M f) 

2 du.(x) dt 



0. 



lim sup 



1 



^o B:r ;< cP ^(B))[^(B)]i/2 



JJ s \(t 2 L) M ie- t2L K L , M f(x) 



1/2 



< 



fc=0 



1 2V p* 2 " hm sup 



Jk\\ T 'i{X) 



c^B:rB<cP{^B))[u.(2*B)]W 



Similarly, we have n 2 ({t 2 L) Ml e~ t2L TT L ^ M f) = V3((t 2 'L) Ml e~ t2L ir LyM f) = 0, and hence 



(fI) Ml e _t iTL,Mf G T|° v (Af), which completes the proof of Proposition 4.2. 



□ 
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Lemma 4.8. Let L satisfy Assumptions (L)i and {IA2, and <3? satisfy Assumption ($). 
Then YMO PtL {X) n L 2 {X) is dense in VMO p , L {X). 

Proof. Let / G VMO p>L (X) and M > §(4r - \). Then by Theorem 3.4, we have h = 



(t L) e f G T ( | v (A'). Similarly to the proof of Proposition 4.2, by Lemma 3.3, there 
exist {/ifcjfeeN C T 2 2 fc (,Y) C T|° V (A') such that ||/i — /ifc||T°°(;tr) — *• 0, as A; — )• 00. Thus, by i) 



and iv) of Proposition 4.2, we see that i^L,ih k £ L {X) n VMOp^A") and 

( 4 - 4 ) ||7rL,l(^-^fc)||BMO Pii (-Y) ^ II^-^IItI ^) -> 0, 

as A; — > 00. 

Let a be a ($, M, e)£-molecule. Then by the definition of H$ l(X), we know that 
e^* 2L a G T$(Af), which, together with Lemma 3.2, the fact that (T$(Af))* = r|°(Af) and 
(.fl^L (<*))* = BMO fti (A'), further implies that 

d/j,(x) dt 



(f,a) = C{M) I/ {t 2 L) M e- 1 L f {x)t 2 L* e~ t2 L * a{x) 

■ dfr(x) dt 



A"x(0,oo) * 



= lim C(M) if h k (x)t 2 L*e~ t2L *a(x) 

= — - — lim / {TTL,ihk(x))a{x) d/j,{x) = — - — {TVL,ih,a). 

Since the set of finite combinations of molecules is dense in H^^l(X), we then see that 
f = ^TT L ,ihm BMO p , L (*). 

Now, for each k G N, let f k = ^p-7r L ,ih k . Then f k G VMO p<L (X) n L 2 (X) and, 
moreover, by (4.4), we have ||/ — AUbmo l (x) — > 0, as /c — > 00, which completes the proof 
of Lemma 4.8. □ 

In what follows, the symbol (•, •} in the following theorem means the duality between 
the space BMO p ,l(X) and the space B^ ) l*{X) in the sense of Lemma 4.7 with L and L* 
exchanged. 

Theorem 4.2. Let L satisfy Assumptions {L)\ and {L)2, and <£ satisfy Assumption (<&). 
Then the dual space of VMO Pj l(X), (VMO ft i(/f))*, coincides with the space B^ ) l*{X) 
in the following sense: 

For any g G B$ t L*(X), define the linear functional i by setting, for all f G YMO p ^(X), 

(4.5) £(f) = (f,g). 

Then there exists a positive constant C independent of g such that 

¥\\(wmo P)L (x)Y < C\\g\\ Bi ,^(x)- 

Conversely, for any I G (VMOp^(A'))*, there exist g G B$ t L*(X) such that (4.5) holds 
and a positive constant C , independent of £, such that 

HsIIb,,,.^) < C||^II(VMO PiI ,(a;))'- 
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Proof. By Lemma 4.7, we have (B$ l*(X))* = TSMO p ^(X). Definition 3.3 implies that 
WMO PtL (X) C BMO p , L {X), which further implies that B^^(X) C (VMO PtL (X))* . 
Conversely, let M > 2(_L _ i) and £ G ( YMO PjL (X))*. By Proposition 4.2, vr L ,i is 

bounded from T^f (X) to VMCvl(A?), which implies that £ o ttl,i is a bounded linear 

functional on T|° v (A'). Thus, by Theorem 4.1, there exists g G T$(,Y) such that for all 

geT^ v (X),£oK Ltl (f) = (f,g). 

Now, suppose that / G VMO Pi i(A') n L 2 (X). By Theorem 3.4, we conclude that 
(t 2 L) M e~ t L f G T|° v (A'). Moreover, from the proof of Lemma 4.8, we deduce that / = 
^7r Lil ((t 2 L) M e -* 2L /) in BMO„, L (*). Thus 

(4.6) e(f)=^loir L , 1 ((t 2 L) M e- t2L f) 

C(M) /"/" (tV"e-*V(s) g (M) dM(a)dt . 



By Lemma 4.2, T 2 b (X) is dense in T$(Af). Since g G T$(Af), we choose {fffclfeeN C T% b {X) 
such that gfc — > 5 in T$(<f). By hi) of Proposition 4.2, we see that tvl*,m(9), ^L*,M{9k) G 
B$,l* (X) and 

||ttl*,m(5 - 3fc)||B* iX ,*(AT) ^ llff - flfcllf*^) "^ °> 

as fc — > oo. This, together with (4.6), Theorem 4.1, the dominated convergence theorem 
and Lemma 4.7, implies that 

(4.7) 1(f) = ^ lim // ( t ^)«e-«/(x) 9l (x, «) d " (l) * 



Cl k^OO J J X y.{0,<X>) t 

C(M) lim / /(*) r(t 2 L*) M e- t2L \g k (;t))(x)^du.(x) 



C\ k^roo J % J q t 

= 7T lim (f,^L*,M(Sk)) = -pr{f,KL*,M(g))- 
Ui k— ->oo Oi 

Since VMO p ,i(^) n L 2 (X) is dense in VMO PtL (X), we finally conclude that (4.7) holds 
for all / G VMO PtL (X), and \\£\\(vMO PtL (x))* = ^\\ttl*,m9\\b^ l *(x)- In tni s sense, we 
have (VMO^^))* C B$ tL *(X), which completes the proof of Theorem 4.2. □ 
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